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Abstract. This paper investigates the global (in time) regularity of solutions to a 
system of equations that generalize the vorticity formulation of the 2D Boussinesq- 
Navier-Stokes equations. The velocity u in this system is related to the vorticity u> 
through the relations u = V^ip an d A?/> = A cr (log(7 — A)) 7 u;, which reduces to the 
standard velocity-vorticity relation when a = 7 = 0. When either a > or 7 > 0, the 
velocity u is more singular. The "quasi-velocity" v determined by V x v = us satisfies 
an equation of very special structure. This paper establishes the global regularity and 
uniqueness of solutions for the case when a = and 7 > 0. In addition, the vorticity 
u> is shown to be globally bounded in several functional settings such as L 2 for a > 
in a suitable range. 



1. Introduction 

This paper aims at the global regularity problem on the generalized 2D Boussinesq 
equations 

dtU) + u ■ Vcj + Au = 9 Xl , 

u = = (-d X2 , d Xl )^, Aip = A CT (log(J - A))V (1.1) 
d t 9 + u • V9 = 0, 

where u = u(x, t), ip = ip(x, t) and 9 = 9(x, t) are scalar functions of x G M 2 and t > 0, 
u = u(x,t) : 1R 2 — > M 2 is a vector field, o > and 7 > are real parameters, and 
A = (—A) 2 and A CT are Fourier multiplier operators with 

For a given initial data 

u(x,0)=u (x), 9(x,0) = 9 (x), (1.2) 
we would like to determine whether or not the corresponding solution is global in time. 

The model studied here can be regarded as a generalization of the vorticity formula- 
tion of the 2D Boussinesq equations 

dtu + u ■ V« = uAu — + 9e2, 

V-u = (1.3) 
d t 9 + U -V9 = kA9, 

where v > and k > are real parameters and e 2 = (0, 1) is the unit vector in the 
^-direction. Boussinseq type equations model geophysical flows such as atmospheric 
fronts and ocean circulations (see, e.g., [23 ED])- Mathematically the 2D Boussinesq 
equations serve as a lower-dimensional model of the 3D hydrodynamics equations. In 
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fact, the 2D Boussinesq equations retain some key features of the 3D Euler and Navier- 
Stokes equations such as the vortex stretching mechanism and, as pointed out in [26J, 
the inviscid 2D Boussinesq equations are identical to the Euler equations for the 3D 
axisymmetric swirling flows outside the symmetry axis. It is hoped that the study of 
the 2D Boussinesq equations may shed light on the global regularity problem concerning 
the 3D Euler and Navier-Stokes equations. 

The global regularity problem for the 2D Boussinesq equations have been extensively 
studied and important progress has been made (see, e.g., [TJ [2J [3J [61 [TJ, [8J, [131 E3 HSJ 
HZl HH HH EDI EH E2l Ell E7]). When v > 0, « > 0, dH3J) with any sufficiently smooth 
data has a global solution (see, e.g., [5]). In the case of inviscid Boussinesq equations, 
namely (II. 3p with v = k = 0, the global regularity problem remains outstandingly 
open. The global regularity for the case v > and k = was obtained by Chae [5] 
and by Hou and Li [22]. The case when v = and k > was dealt with in [S]. Their 
results successfully resolved one of the open problems proposed by Moffatt [29]. Further 
progress on these two cases was recently made by Hmidi, Keraani and Rousset, who 
were able to establish the global regularity even when the full Laplacian dissipation is 
replaced by the critical dissipation represented in terms of y— A (|20].|21j). The work of 
Hmidi, Keraani and Rousset was further generalized by Miao and Xue to accommodate 
both fractional dissipation and fractional thermal diffusion [27] . In a very recent preprint 
[T3] Constantin and Vicol applied the nonlinear maximum principle for linear nonlocal 
operators to obtain another global regularity result when the fractional powers of the 
Laplacians for the dissipation and thermal diffusion obey certain conditions. The global 
well-posedness for the anisotropic Boussinesq equations with horizontal dissipation or 
thermal diffusion was first studied by Danchin and Paicu [17] . Recently Larios, Lunasin 
and Titi [23] further investigated the Boussinesq equations with horizontal dissipation via 
more elementary approaches and re-established some results of Danchin and Paicu under 
milder assumptions. The global regularity problem for the 2D Boussinesq equations with 
vertical dissipation has been studied by Adhikari, Cao and Wu [21 E] and was successively 
resolved by Cao and Wu [TJ. 

We first point out that the vorticity equation in (II. ip does have a corresponding 
velocity formulation 

2 

d t v + u- Vv - ^ u i^ v 3 + Av = + ( 1A ) 

3=1 

where v satisfies 

V • v = 0, u = A <T (log(J - A)) 7 w or V x v = u. 

When cx = 7 = 0, u — v and f ll.4j) reduces to the Boussinesq velocity equation after 
redefining the pressure by p — ||w| 2 . The details of the derivation is left in the second 
section. 

Our motivation for studying the global regularity of (II. ip comes from two different 
sources: the first being the models generalizing the surface quasi-geostrophic equation 
and the 2D hydrodynamics equations (see, e.g., [HI QUI Ell H21 EEH 1231 [2B] and the second 
being the the Boussinesq-Navier- Stokes system with critical dissipation [20]- In a recent 
work [2m Hmidi, Keraani and Rousset successfully established the global regularity of 
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the Boussinesq-Navier-Stokes system with critical dissipation, namely (11. ip with a = 
and 7 = 0. Their key idea is to consider the combined quantity 

G — oj- 119, 

which satisfies 

d t G + u-VG + AG = -[n,u-V]9. (1.5) 

Here TZ = A~ 1 d Xl stands for a Riesz transform and the brackets denote the commutator. 
The advantage of (II. 5p is that we can avoid evaluate the derivatives of 9 when estimating 
the Lebesgue norm of G. This approach is also useful in the handling of the generalized 
Boussinesq equations (II. ip . 

Our goal here is to extend their work to cover more singular velocities and explore 
how far one can go beyond the critical case. When either a > or 7 > 0, the corre- 
sponding velocity field u is more singular. We are able to obtain the global regularity 
and uniqueness of solutions to (II. ip for the special case when a = and 7 > 0. 

Theorem 1.1. Consider the generalized Boussinesq equations U.l\) with a = and 
7 > 0. Assume the initial data (uq,9q) satisfies 

for some q > 2. Then U.l\) has a unique global solution (u, 9) satisfying, for any t > 0, 

uo e L 2 r\ L q r\ l\b%, 9 e L 2 n L°° n l\b%. 

Here B ^ f 1 is a space of Besov type and its definition is provided in the Appendix. 
Although it is not clear if this global regularity result still holds for the more singular 
case when a > 0, we can still show that the L 2 -norm of the vorticity u is bounded at 
any time for < a < | and 7 > 0. More precisely, we have the following theorem. 

Theorem 1.2. Consider U.l}) with < a < | and 7 > 0. Assume (ujq,9q) satisfies the 
conditions stated in Theorem Let (u, 9) be the corresponding solution. Then, for 
any t > 0, 

\\u(t)\\ L 2 <B(t) 

for a smooth function B(t) of t depending on the initial data only. In addition, G 
satisfies the basic energy bound 

\\G(t)\\b+ f\\^G\\Ut<B{t). (1.6) 

Further regularity can also be established for certain a > 0. In fact, ||w||l<2 for 
q G (2, j^2^} is also globally bounded in time when < o < \ and 7 > (q 7^ 

when 7 > 0). In addition, for < a < | and 7 > 0, the space-time norm L r t B s q 1 of G is 
also bounded for any t > 0. The precise statement is given in Theorem 14.31 This bound 
especially implies that G is in L\L^ . However, we need to assume a = in order to 
obtain the global bounds for u and 9 in L\U£ ' . 



The rest of this paper is divided into four sections. The second section derives the 
velocity formulation of a generalized Boussinesq vorticity equation. The third section 
proves the global L 2 vorticity bound stated in Theorem 11.21 It requires a commutator 
estimate involving the Riesz transform 1Z. Section |4] proves the aforementioned global 
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regularity bounds and part of Theorem 11.11 while Section [5] establishes the uniqueness 
part of Theorem 11.11 Throughout the rest of this paper, P(t)'s denote bounds that 
depend on t and the initial data. 



2. Derivation of the velocity equation 

This section derives the velocity formulation for the generalized 2D Boussineq vortic- 
ity equation given by 

d t u + u ■ X7tu + vA a tu = 8 Xl , 

u = = {-d X2 ,d Xl )^, Aifj = P(A)u, (2.1) 
d t 9 + u-V9 + kA^O = 

where u > 0, k > 0, < a < 1, < /3 < 1 are real parameters, and P(A) is a Fourier 
multiplier operator with 

Clearly, (11. ip is a special case of (12. ip . A special consequence of Theorem 12.11 below is 
the derivation of (ll.4p . 

Theorem 2.1. For classical solutions of (12. ip that decay sufficiently fast as \x\ — > oo, 
(12. ip is equivalent to the following equations 

d t v + ^(V" 1 ■ v) + vA a v = -Vp + 9e 2 , 

V • v = 0, u = P(A)v, (2.2) 
d t 9 + u-V9 + kA?6 = 0. 

In addition, the equation for v can be written in the more familiar form 

2 

dtv + u-Vv - u j^ v i + = -Vp + 0e 2 . (2.3) 

Proof. It follows from the second equation in (12.11) that 

u = V ± A" 1 P(A)w, Vxu = V i 'ii = Af = P(A)u>. 
Therefore, if we set 

v = P(A)~ 1 u, (2.4) 

then 

v = V ± A~ 1 uj and u = P(A) _1 V x u = V x v. (2.5) 
Applying V^A" 1 to the first equation in (12.11) . we obtain 

d t v + A~ 1 V ± (n • Vw) + vA a v = A^V 1 ^. 

To rewrite the nonlinear term, we consider the components of V _l (m ■ Va>): 

-d X3 (u-Vu) = -d X2 (V ■ (uu)) 

= -d X2 {d Xl {uiu) + d X2 (u 2 uj)) 

= d Xl (-d X2 (uiu)) - A(u 2 u) + d Xl (d Xl (u 2 u)) 

= -A(u 2 u) + d Xl (-d X2 (uiu) + d xi (u 2 u))), 
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d xl (u-Vw) = d Xl (V-(uu)) 

= d Xl (d xi (uiu) + d X2 (u 2 uS)) 

= d Xl d Xl {uxLo) + d X2 (d xl (u 2 u)) 

= A(uiw) + d X2 (d Xl (u 2 u) - d X2 {uiu)). 



That is, 
In addition, 

and 



Or l V L {u ■ Vw) = u L u - A" 1 V(V • (uV)). (2.6) 



d xl d X2 9 \ _ ( d Xl (-d X2 9) \ f 



A- 1 V ± 6 X1 = 6e 2 + A^ 1 V(-9 :r2 ^). (2.7) 
Inserting (12.61) and (12. 7p in (12.51) . we obtain, after noting u = V -1 • v 

d t v + u ± (y ± -v) + uA a v = -Vp + 9e 2 (2.8) 

where 

p = -A^ 1 (V ■ (u^ 1 ■ v) - d X2 9) . (2.9) 

Clearly, (12. 9p is a simple consequence of ( 12. 8 j) with V • t> = 0. We can rewrite the 
nonlinear term into more familiar form. Inserting the identity 

2 

5=1 

in (J23D, we find 

2 

ob + tt • - UjVvj + z/A Q w = -Vp + 0e 2 . (2.10) 

5=1 

IP is a combination of (12^81 . fl2~9|) and the last equation in ([211]). Q is just (12~T0|) . 
This completes the proof of Theorem 12.11 □ 



3. Global (in time) bound for \\co\\ L 2 

This section proves Theorem 11.21 the global a priori L 2 -bound for the vorticity u. To 
do so, one considers the equation for G = oj — 719, 

d t G + u ■ VG + AG = —[1Z, u ■ V]6. (3.1) 

Clearly, in order to control ||Cr||z,2, we need a bound for the commutator [JZ, u ■ V]#. For 
this purpose, we start with the following lemma. 

Lemma 3.1. Let p G [1, oo] and 5 G (0, 1). If \x\ S (f) G L 1 , f G B 5 p oo and g G L°° , then 

U* (fg) - f(<P*g)\\ LP < cilNVll^ll/ll^lblU- (3-2) 

In the case when 8=1, 2) is replaced by 

U * (fg) - f{</> * q)\\lp < ciin^iUiIiv/iUpII^ii^. (3.3) 
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Bpoo here denotes a homogeneous Besov space, which is defined in the Appendix. 



( 13.31) was previously obtained in Lemma 3.2 of (20J p. 2153]. Our extension to cover the 
case for 5 G (0, 1) is necessary in order to deal with the generalized Boussinesq equations 
( II. ip . Since now the velocity field u is more singular, namely 

u = V ± A" 1 A ,7 (log(J - A)) 7 w, 

it is necessary to consider the fractional derivative A l ~ a u, which, roughly speaking, is 
more or less oo when evaluated in a Lebesgue space. When a > 0, we can no linger 
control V« in terms of oo, as did in 1201. 



Proof. By Minkowski's inequality, for any p G [1, oo] 



*{fg)-f{<t>*g)\\ 



< 



< 



0) (f( x ) - f( x - z))g{x - z) dz 



» (f(x)-f(x-z))g(x-z)\vdx 



dx 



i/p 



i/p 



dz 



\g\\L° 



{z)wm-)-f(--z) 



I LP 



dz 



< II II 11/(0 -/(■-^))11^ .M |t, 

< ||5f|| L ooSUp j-fj: \\\Z\ | 



z>0 



( 13. 2 p then follows from the definition of B 
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p,oo- 



□ 



We now present a general proposition that provides an estimate for the commutator 
as in ( 13. ip . The proof of this proposition is obtained by modifying that of Proposition 
3.3 in [20]. Since the proof is slightly long, we leave it to the end of this section. 



Proposition 3.2. Let u : 



be a vector field. Let 1Z = d Xl A 1 denote a Riesz 



transform. Let s G (0, 1), s < 5 < 1, p G (1, oo) and q G [1, oo]. Then 

3 

\\[n,u]F\\ B s q < d imi^ \\F\\ B .-, +c 2 IIA^a^h^, 

J'=-l 

where C\ is a constant depending on d, s, 5, p and q only and C 2 is an absolute constant. 
When 5 = 1, \\u\\g 5 is replaced by ||Vw||lp. 



(3.4) 



We now apply Proposition 13. 2l to the special case when u is determined by oo through 
the relations in ( II. ip . We obtain a bound for the commutator involved in the equation 
for G, namely ( 13. ip . 



Corollary 3.3. Let u 



be a vector field determined by a scalar function oo 



through the relations 

u = VV, M = A<T ( lo g( J - A )) 7 w > ( 3 - 5 ) 

where < a < | and 7 > are real parameters. Then, for any < s < 1 — a, p G (1, 00) 
and q G [1, 00], 

|| [TZ, u}6\\ B s < C \\co\\ L p\\9\\ b s+<t-i + C \\co\\ L pi \\9\\ L P 2 , (3.6) 
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where p 1 and p 2 satisfy 

1 1 1 1 -a 

Pi G l,oo), p 2 e l,oo, 1 = -H — 

pi p 2 p 2 

and C's are constants depending on a, 7, s, p, q, p\ and p 2 . Furthermore, for any 

P3 > db, 

\\[K,u]9\\ Hs < C\\u\\v(\\6\\i» + \\0\\ LT h)> ( 3 - 7 ) 
where C is a constant depending on a, s and P3 only. 

Proof of Corollary Iff. 31 By Proposition 13. 2| 

3 



\\[n,u]e\\ B s q <c\\u\\ 6Spoo \\o\\ B ^ + cJ2 I|a,uA^|| lp . 

According to (13. 5p . 

u = V ± A~ 2+(T (log(/- A)) 7 w. 
Since s + a < 1, we choose e > such that s + a + e = 1. Then, 

IMIrs < II (log(I - A)) 7 a;|| RS + CT -i 

11 11 -°p, OO 

< C ||cu||lp- 
In addition, for any — 1 < j < 3, we have 

\\AjuAj9l\LP < \\Aju\\ Ln \\Aj9l\LP2 < C ||A°" _1 u;|| L9 i ||6»|| LP2 



1 - + ±= 1 -. 

n P2 p 

_L 1-^ 

gi pi 2 



where gi G (1, 00), p 2 G [1, 00] and ^7 + ^ = _ - By Hardy-Littlewood-Sobolev inequality, 



where 1 < p% < qi < 00 and — = - — ^p. Therefore 



3 

LP2 



i=-i 

with pi and p 2 satisfying — + = - + ^=^. ( 13. 7ft is obtained by taking p = q = pi = 2, 
p 2 = in (I3.6P and applying the embedding relation 

This completes the proof of Corollary 13.31 □ 

With Corollary 13.31 at our disposal, we now prove Theorem 11.21 

Proof of Theorem M.B. Multiplying (13. ip by G and integrating over M 2 , we obtain 

1 d 

2 eft 1 

By Holder's inequality, 



|G|| 2 2 + ||A5G|| 2 2 = - J GV-[K,u]9dx. 



I 



GV- [Jl,u]9dx 



< \\A*G\\ l2 \\[K,u}0\\h^- (3.« 



8 DONGHO CHAE AND JIAHONG WU 

By ([32]) in Corollary 

\\[n,u]6\\ kl/2 < C \\u\\ L 2 (||0 O |U*3 + \\0o\\ LT ^) , (3.9) 
where p% > x ^_ a is any constant. In addition, 

IMU 2 < \\g\\l* + \\ne\\ L 2 < \\g\\ l , + \\o Q \\v. (3.10) 

Inserting (13.91) and A3. 10[) in (13.81) and applying Young's inequality, we obtain 

|||C||i 2 + ||A^||| 2 <C||G||i 2 + C, 

where C's are constants depending on the initial norm H^ollz^nL 00 - It then follows from 
Gronwall's inequality that, for any t > 0, 

ft 



\\G(t)\\b+ I \\^G\\ 2 L ,dt<B{t), 
Jo 



where B(t) is an explicit smooth function of t. The global bound for ||w||l 2 is then 
provided by (13.101) . This concludes the proof of Theorem 11.21 □ 

Finally we prove Proposition 13.21 
Proof of Proposition HOI By the definition of the Besov space B^ q , 



i 

LP- 



mMn q B s q = Y, 2(183 \\^mf\ 

3=-l 

We decompose Aj[JZ,u]F into paraproducts, 

A J [K,u]F = I 1 + I 2 + I 3 , 

where 

\k-j\<2 

h = Yl ^j(n(A k uS k -iF)-A k uHS k -iF), 

\k-j\<2 

/ S = E ^AK{A k uA k F) - A k uKA k F). 

k>j-i 

Here = A k _i + A k + A k+1 . For k > 3, the Fourier transform of S k _\uA k F is 
supported in the annulus 2 k A, where A denotes a fixed annulus. By Proposition 3.1 of 
[20] , there is a smooth function h with compact support such that TZ acting on this term 
can be represented as a convolution with the kernel h k (x) = 2 dh h(2 h x). More precisely, 

TZ(S k -iuA k F) - S k -iuTZA k F = h k * (S k -iuA k F) - S k -iu(h k * A k F). 

Since 

|||a:| 5 2 dfc / i (2 fc x)|| L i < C2~ 6k , 
we apply Lemma 13.11 to obtain 

\\TZ(S k - lU A k F) - S k - lU KA k F\\ LP < C2- 5fe || i S , fc _ 1 ^||^ 5 ||A fc F|| Loo . 
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For k < 3, we do not need the commutator structure and this difference can be directly 
estimated as follows. By the boundedness of 1Z on LP for p £ (l,oo) and Bernstein's 
inequality (see Proposition IA.6I in the Appendix), 

\\K{S k - lU A k F) - S k - lU KA k F\\ LP < C \\S k ^u A k F\\ LP 

3 

< c Y \\ A j uA j F hp- 

Therefore, 



it 



i=-i 



i>3 



B s 

p,oo 



{AjFWl^ + C \\ A ^ A i F \ 



LP 



j=-l 



< C^IMIJ, ||F||^_, + C £ IIA^A^IH,. 

j'=-i 



The idea of bounding J2 is similar. In fact, we have 

00 00 3 

Y ^iMh < c j2 2{s ~ s)jq \\ A j u \\ q BS iiVi^iii- + c Y w a j uA 3 f \ 



1 

LP ■ 



i=-i 
Furthermore, 



i>3 



3'=-l 



^2 (s " 5)i<? ||A 

i>3 



— II II ^6 



— II II Qb 



E 2 

j'=-i 
00 

E 

j'=-i 



(s-8)jq 



y iiA m F||io 



,m<j— 1 



^ 2 ( S -5)(i- m ) 2 ( S -5)m|| AmF || Lo 
,m<j— 1 



<C|k|ll 



B s 

p, OG 



I 1 ? 

Ilp- 



where we have used the fact that s < 5 and the series inside the bracket can be viewed 
as a convolution of two other series. The contribution from I 3 is bounded by 

00 00 3 

y; 2^'ii/ 3 iiip < c V2« y 2-<^uahil nA fc F||« 00 +c7 y ha^fi 

p,oo 

j=-l j>3 fe>j-l j=-l 

The first part can be further controlled by 

00 

E 2Si9 E 2- 5fc "||A fcM |||, ||A>| 
i>3 fe>j-i 



19 

Il°° 



< llul 



< u 



2 s(j '- fc)<? 2 (s ~ 5)fc<? ||A fc F||^ t 

j'=-i fc>i-i 
IIFII 9 . 
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We obtain (13. 4p by combining the estimates above. This completes the proof of Propo- 
sition □ 



4. Global bound for \\cj\\li for q > 2 

This section establishes the global bounds stated in Theorem 11.11 For the sake of 
clarity, this section is divided into four subsections. This first one provides a global 
bound for ||a;||L9 for q G (2, 2^4] • This bound holds for < 7 < | and 7 > 0. The 

second subsection proves the global bound for G in the space-time norm UB s qX . This 
bound requires that < 7 < 7 and 7 > 0. The third subsection shows that, for a = 
and any 7 > 0, both u and 9 are bounded globally in LjB^-^. The final subsection 
presents the global L 9 -bound for any q > 2 as long as a = and 7 > 0. 

4.1. Global bound for ||w||ia for q G (2, ^Zil- This subsection proves a global bound 
for ||w||l<j for q G (2, j^j}- This result holds for any < a < \ and 7 > 0. More 
precisely, we have the following theorem. 

Theorem 4.1. Consider M.l\) with < o < | and 7 > 0. Assume that (uo,9o) satisfies 
the conditions in Theorem especially {ujq.Oq) G L q for q G (2, ^rrj]- Let (u,9) be 
the corresponding solution of M.l\) . Then, for q G (2, ^W) with 7 > and q G (2, t^t] 
with 7 = 0, and any t > 0, 

lk(*)IU« < ^(t), (4.1) 

+ C f\\G{r)\\l 2q dr < B(t), (4.2) 
</ 

where C is a constant depending on q only and B(t) 's are smooth functions oft. 

The following lemma, proven in [20] , will be used in the proof of Theorem 14.11 
Lemma 4.2. Let q G [2, 00) and s G (0, 1). Then, for any smooth function f , 

ll/l/l 9 - 2 ll^<c||/||[; ? 2 ||/||^ +1 _ f . 

Proof of Theorem J^.l, Multiplying (13. 1 p by G\G\ q ~ 2 and integrating with respect to x 
over R 2 , we obtain 

+ J G\G\ q ~ 2 AGdx = - J G|G|^ 2 V- [R,u]0dx. 
The dissipative part admits the lower bound 

l")l 2 > CWGW 



G\G\ q ~ 2 AGdx >C J \^{\G\ 



L 2 u 



where C is a constant depending on q only. When 7 = 0, we take 



4 

s > a, q G 2, 



2 _ 1 

l '~q ~ 2' 



2a + 1 

In the case when 7 > 0, we take s > a. By Holder's inequality 



K 



J G\G\ q ~ 2 V ■ [K,u]9 



< WGlGr 2 ^, \\[KM0\\hi- 
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By Lemma [4. 2[ 

||C7|Gr 2 |l^ < C||G||^ +1 _ f ||G||^ 2 = C \\hJG\\ L , \\G\\«-l 
By Corollary 13.31 fori — s < 1 — cr or s > a 

\\[K,u]e\\ H i-s < c \\oj\\ L 2(\\e\\ L P 3 + \\e\\ LT ^). 

Therefore, by Theorem 11.21 

\\[K,u\9\\ H i- s < CB(t). 
Combining the estimates above, we obtain 

j t \\G\\l q + C q \\G\\l 2q < CB(t) \\A^G\\ L , ||G||^ 2 . 

Splitting the right-hand side by Young's inequality and using the bound in (ll.6p . we 
obtain (14. 2p . (14. ip follows from f !4.2[) together with ||7£0||l9 < ||^o||i«- This completes 
the proof of Theorem 14.11 □ 

4.2. Global bound for HGH^r-g^. This subsection presents a global bound on G in 
the space-time space L r t B s ql . The precise theorem can be stated as follows. 

Theorem 4.3. Consider ( fi. 1\) with < a < \ and 7 > 0. Assume that {ojq, 9q) satisfies 
the conditions in Theorem \l.l[ Let (uj,8) be the corresponding solution of U.l\) . Let r, 
q and s satisfy 

2 4 

re [l,oo], s<l-<7, < q < . 

I — a 1 + la 

In the case when 7 = ; we can take q = 4/(1 + 2a). Then, for any t > 0, 

\\G\\ L r BSq i < Bit). (4.3) 

Proof. Let j > — 1 be an integer. Applying Aj to ( 11. 51) yields 

d t AjG + u ■ VAjG + AAjG = -[Aj, u ■ V]G - A^ [11, u ■ V}6. 
Taking the inner product with AjG\ AjG\ q ~ 2 , we have 



~\\AjG\\l + / AjGlAjG^AAjG = J x + J 2 , 
q at J 



where 

Ji = -J [A j7 u- V]GAjG\AjG\ q - 2 , 

J 2 = - J Aj\R, u ■ V}6 AjG\AjG\ q ~ 2 . 
The dissipative part can be bounded below by 

j AjG\AjG\ q - 2 AAjG > C2 J '||AjG||«, 
where C is a constant depending on q only. To estimate J\, we write 

[Aj, u ■ V]G = Jn + J12 + J13 + hi + Jl5 
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with 

Jn= Y [Aj,S k -iu-V}A k G, 

\j-k\<2 

Jl2= Yl (Sk-\U - SjU) ■ VAjAfcCr, 

b'-*l< 2 
^13 = • VAjG, 

J 14 = Y A J -(A fc «.VS' fc _iG), 
b'-fe|<2 

Jib = J] A^AfeuAfeC). 
fc>i-i 

Since V ■ m = 0, we have 



J J 13 |A J G| 9 " 2 A,G' = 0. 



By Holder's inequality, 



< llJnlU.IIA.GIIl; 1 . 



J J n \^G\ q - 2 ^iG 

We write the commutator in terms of the integral, 

Jn = J $j(x - y) {S k - X u{y) - S k -iu(x)) ■ VA k G(y) dy, 

where $j is the kernel of the operator Aj and more details can be found in the Appendix. 
As in the proof of Lemma 3.3, we have, for any e > 0, 

WMl* < IIM 1 -'-^)!^ \\s k - lU \\^- e ||VAfcG||L-. 

Throughout the rest of this proof, e > is taken to be a small number such that 

2 

- + a + e- l<0. 

q 

By the definition of and Bernstein's inequality (see Appendix), we have 
ll^iilb < |||x| 1 ^* (x)||^y^||5 i _ 1 u|| AU -.||A i G?|| J ^ 
< C2^ +e+ l)||u;|| L ,||A J G|| L9 . 
For j > j with j = 2, 

\\Ju\\l« < C\\A 3 u\\ Lq \\VA 3 G\\ Lao 

< C2 i(CT+e+ f ) ||cj|| L8 \\AjGWl,. 

Similarly, for j > j with j = 2, 

\\Ju\\i* < CIIA^II^HV^-iGlUcc 

< C 2^+l) \\A^A 3 u\\ Lq Y 2( m ^( 1+ |)||A m G|| L , 

m<j-2 

< C^ +£+ ^ \\u\\ Lq Y 2 (m - i)(1+ t ) ||A m G|| L9 . 

m<j-2 
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J15 be bounded by 

< C2^+ e +§> \\^' a ~ e ^ k u\\ L ^ j - k)il - a - e -^ \\A k G\\ 



L' 2 



k>j-l 

< C2 j(CT+e+ l ) IUU 



k>j~i 



^\\A k G\\ L 2. 



Thus, we have obtained that 



i M 



< C7 2^ + f)||a;|| L J||A J C7|| L2 + £ 2 



>(m-j)(i+|) 



l|AmG|| 



L8 



m<j— 2 



+ £ 2 C»-*Xi-«— — f) || AfcG || L: 
fc>j-i 

For 0<s<l + -,we have 



E ^ 

m<j— 2 



(m-j)(l+§) 



||A m G|| L , 



E ^ 



(m-j)(l+--s) 9 ms 



2 ms ||A m C7|| L9 



Similarly, 



Therefore, 



E^ 



(j-fc)(l-«r- £ -2) 



m<j— 2 

2^11^11^. 
||A fc C7|| L2 <2^||C7|| B ,. 



lib <C2 



j(°-+ £ +f) II, ,|l r 
1 \\UJ\\lfl 



\\A s G\\„ + 2-»\\G\\ B . 1 



By Holder's inequality and an argument as in the proof of Proposition 13. 2\ 



\J 2 \ < \\A j [R,wV\0\\i fi \\A j G\\li 1 



19-1 



< L72^ +£ )||u;|| i9 ||A^||^||A j G'|r L9 
Collecting the estimates, we have 

j t \\^G\\ Lq + C2>'||A j G|| g < C2^\\uj\\ Lq \\e \\ L o 



+ C2 j(a+e+ - 



||A i G|| £a + 2-^||G||~ 1 



q IMU 9 

Integrating in time and using the fact that ||cj||l9 < B(t), we have 

\\^G(t)\\L« < e" 2J lA J G(0)|| L , + C72^- 1 )||^||5(t) 

+C2^ +e+ l ) B(t) [ e- 2J(t - s) \\\A J G\\ L 2 + 2-^\\G\\ B s] ds. 

Jo L 9 ' - 1 

Taking L r -norm in time and applying Young's inequality, we obtain 

W^GUilo < C2-^\\A J G(0)\\L', + C2^- 1+ ^\\9 \\ L o O B(t) 

+C2^ + ^B(t)[\\A J G\\ L r Lq +2-1' \\G\\ Z r Bh _ . 

Multiplying 2 JS , summing over j > —1 and using the fact s < 1 — a, we obtain 

||G|| Z < C||G(0)|| x+CPoWl-B^ + K, 

q - B q ,i 
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where 



V s \\^G\\ L r Lq + \\G\\ ZrtBli 



K = C 2 j( - 1+CT+e+ f ] B(t) 
We choose N such that 

4 

and decompose the sum in K into two parts: j < N and j > N. Using the fact that 
||G||l9 is bounded, the sum for j < N can be bounded by B(t)2 sN for a smooth function 
B(t). The sum for j > N is bounded by lUGHjr^ • That is, 

K<B(t)2 sN + ~\\G\\ irBli . (4.5) 
Inserting f 14 . 5 [) in (I4.4p yields ( 14. 3 p . This completes the proof of Theorem 14.31 □ 
4.3. Bounds for ||a;|| B o,-, and ||#|Lo, 7 . This subsection provides global bounds for 

oo,l oo,l 

||o;|| B o, 7 and \\9\\ B o, 7 . 

oo.l oo,l 

Theorem 4.4. Consider ( ti.il) with o = and 7 > 0. Assume that (uo, Qo) satisfies the 
conditions in Theorem especially (ujq,6q) G B^ l . Let (uj,6) be the corresponding 
solution of ( fi.ij) . Then, for any t > 0, 

M L i B o„ <B(t), ||0|Li B o, 7 <B{t). (4.6) 

£ oo,l £ oo.l 

Proof. Taking r = 1 and | < s < 1 — a, we obtain from Theorem 14.31 that 

\\G\\ LlBli <B(t). 

This bound especially imply that 

\\G\\^<B(t). 

In fact, by Bernstein's inequality, 

\\ G \\b^\ = E ( X + Uiril^GlUc < £ (1 + IjD^fiA.-G'IU* < CIIGH^. 

J>-1 J>-1 

Since G = u; — _R#, 

< ||G|Lo, 7 + ||7^|| 

-°oo,l -°oo,l 1 -"oo.l 

In addition, 

Who r o,7 < A-imLw + 6 Lo,i < II^oIIl 2 + ll^ll r°-7 

By Lemma [4.51 below and 

||Vm||l°° < ||w||l2 + I|o;||n0,7 , 

oo,l 

we obtain 



B ^ < + ^ IMU 2 ^) +11^11^^ IMI B 



a; II n o, 7 dt. 
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Therefore, we have obtained 

< ||G||ro,7 + II^oIIl 2 + ll^oll r°.7 1+ / ||a;||/ / 2(it 

"-"oo,! D oo,l 1 C KJ,1 V J 



+ ^0 R°'T / W R '^ dt. 
-°oo,l /„ D ooA 







If we set Z(t) = \\u\\ L i B o,-y , then 

Z(t) < B(t) + ll^oL^ / Z(t) dr. 

J 

( 14. 6 p then follows from Gronwall's inequality. □ 

The following lemma has been used in the proof of Theorem 14.41 
Lemma 4.5. Let 9 satisfy 

d t e + u ■ ve + A6 = f. 

Let 7 > and p G [1, oo] . Then, for any t > 0, 

\\e(t)\\B° : l < (Po\\ B o :1 + Wf\\ L lB° : l) + / ||Vu|| L ccd^ . 

Proof. Theorem 4.5 of jZU P-432] states a similar result for the Besov space B { \ x . The 

generalization to the Besov space B^'J presented here is not completely trivial. For an 
integer k > — 1, consider the solution 9 k of the equation 

d t 9 k + U -V9 k + A9 k = A k f, 9{x, 0) = A k 9 . 

For any s G (—1, 1) and p G [1, oo], we have the standard Besov estimate 

\\9 k \\ B s poc < C (HA^oIIb-. + W^fhlB^) e cv ^\ (4.7) 

where V(t) = \\ Vu\\ L i Laa . Setting s = ±| in (14.71) . we obtain 

W&Mlp < C2-^- k \ (\\A k 9 \\ LP + \\A k f\\ LlLP ) e cv ^. (4.8) 
Clearly 9 = ^/S. k 9 and thus 



oo oo 



n^)ii B o ;7 = ^(i+ui)iA,eiu,< £(i + M)iv*iu,. 

j=-l j=-lk=-l 

For an integer N to be fixed later, we decompose the double summation in the inequality 
above into two parts: Ji for \j — k\ > N and J 2 for \j — k\ < N . Invoking (14.81) . we have 

00 

Ji < CJ2 E (l + |j|) 7 2^^ fe| (l|A^o||LP + ||A fc /|| LflLP )e cy W 

j=-l \j-k\>N 

j=-i\j- k \> N ^ I \> 
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In the summation above, in the case when k > j + N, we certainly have (1 + |j|) 7 /(l + 
|/c|) 7 < 1. In the case when j > k + N, we have 

(i + bi) 7 . 2 -5 {i - fc ) < c 



+ 

for any fixed 5 > 0, where C is independent of j and k. Therefore, for < 8 < ~, we 
have 

J 1 <2-(i-^e^) (||0o|| B o, 7 + ||/|| itlB oA 
To bound J2, we handle ||Aj#fc||.LP differently. Through a standard //-estimate, 

||Aj6> fc || L p < || @k || LP < ||A fc ^o||LP + II ^kf\\L\LP- 

Therefore, 

J 2=E E (l + |j'l) 7 (l|A^ |U, + ||A fc /|| L i LP ). 

j=-l |j-fc|<7V 

We can show that, for each k satisfying | j — k\ < N, 

00 

^(l + |j|r(||A^ ||LP + ||A fc /|| LtlLP ) 



j=-l 



< C (||0 o |Ibo, 7 + ||/|L lB o, 7 ) + sup(l + |j|) 1+7 (HA^oIIlp + ||A fc /|| L i LP ) 

\ p- 1 4 P' 1 / j>— 1 

< C (\\8o\\b°'2 



1 nC-r 



LiB 



* p.i 



where C's are constants independent of N. In the last inequality we have used the fact 
that B°p1 ^ 1?°'^" 7 . The inequality above can be established by writing j = k + m with 
< m < N and split the summation for j into two parts: one part for j < m and the 
other for j > m. We omit further details. Therefore, 

J 2 < CN (||0 O || B °. 7 + 

Consequently, 

||0(*)|| B o ;7 < J 1 + J 2 

< 2-^ N e cv ^ (||0 o || B o, 7 + \\f\\ LlB »,) + CN (||0o|| B o, 7 + 11/11 lfi o, 7 ' 

\ P. 1 * P. 1 / \ P. 1 * P. 1 . 

The desired inequality follows by taking iV such that 2~^ _<5 ) Ar e c ' v ^ is of order 1. This 
completes the proof of Lemma 14.51 □ 



4.4. Global bound HcjIIl? for any q > 2. The goal of this subsection is to establish a 
global bound for ||o;||z,<i for any q > 2. 

Theorem 4.6. Consider ( li.ij) witt cr = and 7 > 0. Assume (uq,9q) satisfies the 
conditions stated in Theorem li.il Let (oj, 6) be the corresponding solution. Then, for 
any q > 2, 

\\uj(t)\\ Lq < B(t). (4.9) 
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Proof. It is clear from (jl.5p that, for any q > 2, 

< ||G ||w + / \\[K,u-V9}\\ Lq dt. 
Jo 

According to the commutator estimate of Proposition 14.71 below, 

\\G\\ Lq < \\G \\ Lq + [ \\u(s)\\ L , \\e(s)\\^ ds. 
Jo 

Therefore, 

\\u(t)\\L« < \\e \\ L i + \\G \\ Lq + / ||w(s)|| £9 ||0(s)|| B <v, ds. 

Jo 

Gronwall's inequality combined with the bound in Theorem 14.61 yields (14. 9ft . □ 

Proposition 4.7. Let 7 > 0. Assume that u and u are related by 

u = V^ip, = (log(/ - A)) 7 w. 

Then, for any q > 2, we have 

\\[n,u-w]e\\ B ,<c\\u\\ Lq \\e\\ B0 , y 

00,1 

Proof. For any integer j > —1, we write 

A j [TZ,u-V]9 = J 1 + J 2 + J3, 

where 

Ji = ^j{KS k -iu- VA k B) - Aj(S k -xu- VKA k 6), 

\k-j\<2 

J 2 = &j(K(A k u ■ VS k ^9) - A k u ■ VKSk-rf), 

\k-j\<2 

J 3 = Yl ■ VA k 9) - A k uR ■ VA k 8). 

k>j-i 

Estimating these terms in a similar fashion as in the proof of Proposition 13.21 we have 

11 jaw < c 11^-1^11^(1 + uiniA^iUoo. 

For j > jo with jo = 2, we have 

HJ2IU* < C7||u;|| L9 2^(l + |j|r||ViV^|L- 

___ 2 m (i + \j\)'y 

s c|M|„ £ WTT^ (1 + |m|)7||A '»'' 11 - 

m<j-l v 1 u 

and 

ll^lb < C\\cu\\ Lq 2^- k \l + \k\y\\A k 9\\ L oo. 

k>j-i 

Therefore, 

\\[ll,u- V]8\\ B o qi < \\&j[R>,u-V\e\\ Lq <C|M|w||0|| B o, v 

J>-1 

This completes the proof of Proposition 14.71 □ 
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5. Uniqueness 

This section proves the uniqueness part of Theorem 11.11 For the sake of clarity, we 
state it theorem. 

Theorem 5.1. Assume that (uq,0q) satisfies the conditions stated in Theorem \l.l[ Let 
a = 0, 7 > and q > 2. Let and (w (2) ,# (2) ) be two solutions of (10) 

satisfying, for any t > 0, 

w«, E l 2 n L* n LjS^, fl (2) el 2 n L°° n 

TTien t/iey must coincide. 

Proof of Theorem \5.1[ Let and be the corresponding velocity fields, namely 



u 



(?) 



V^ 00 , = (log(7 - A)) V j) , j = 1, 2. 



Let u^') = (log(J — A)) 7 tt^'\ j = 1, 2. Then the differences 

M = M (D- M (2) ; B = 9 {l)_ B {2) : V = V (D_ V (2)^ p=p W- p 

satisfy 



.9^ + w (2) • Vf + m • Vw (1) - W 2) Vuj + UjVvfA +Av = -Vp + 6>e 2 , 

i=i 

<9 t + « • V0 (1) + u (2) • V0 = 0. 
By Lemmas 15.21 and 15.31 below, 



ITOIk- < II^(o)IIb- +c / \Hs)\\ L2 \\9^\s)\\ Bt:i d s 

J 

+ c /V^WII^IIWIk 1 ds, 

Jo 2 -°° 

k(i)l| B o j00 < Ho) ||^ >oo + 11^)11^ 

+c /Vwiltf (ll^OOU*^ +\\^ 2 \s)\\ b0 ,A ds. 



To further the estimate, we bound |H|l2 in terms of ||v|| B o by the interpolation in- 
equality (see Lemma 6.11 of [201 p.2173]) 

M\v < C \\v\\ B o log ( 1 1 



\ v \\b° 

1 ll - D 2,oo 



and use the fact that |H|#i < Ho/ 1 ^!^ + ||aj( 2 ^|| L 2. Combining the inequalities above 
and setting 

Y(t) = \\e(t)\\^ + Ht)\\B0 2oa , 

we obtain 

Y(t) <2Y(Q) + C [ D 1 (s)Y(s) log(l + D 2 {s)/Y(s)) ds 
Jo 

where D l (s) = ||6>«(s) || B o, 7 + \\u^(s)\\ B o^ + ||u/ 2 )(s)|| B o, 7 , and D 2 (s) = \\uj^(s)\\ L 2 + 

oo, 1 oo , 1 oo , 1 

ll w ( S )IU 2 - Since .Di and D 2 are integrable, we obtain by Osgood's inequality that 
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Y(t) = 0. A statement of Osgood's theorem is provided in the Appendix. This completes 
the proof of Theorem 15.11 □ 

Lemma 5.2. Assume that 9 satisfies 

d t 9 + u ■ V0 (1) + u (2) ■ V0 = 0, (5.1) 
where u, 6^ and u^> are as defined in the proof of Theorem \5.1\ Then, for any t > 0, 

\m)\\ B -^ < ||0(O)|L-i +C tlHs^P^is)^ ds 



2,oo 

t 



+ C / \\^ 2 \s)\\ B ^ \\e{s)\\ , ds. (5.2) 
where v is as defined in the proof of Theorem I5.il 

Proof. Let j > — 1. Applying Aj to (15. ip . taking the inner product of Aj6 with the 
resulting equation and applying Holder's inequality, we obtain 

\j t W A Mh < ||A,(n- V^|| i2 ||A^|| L2 - J AjOAjiu'' 2 ■ V0) d.r. (5.3) 

To estimate the first term, we write 

Aj(u- V0 (1) ) = J x + J 2 + J 3 , (5.4) 
where J\, J 2 and J3 are given by 

Ji= Yl A.-OViU-VA^W), 

\j-k\<2 

J 2 = Yl Aj(A fc w ■ VSfc-i^ 1 ^)? 

\j-k\<2 

J 3 = Y A^V-VA^W). 

k>j-\ 

Ji, J 2 and J3 can be estimated as follows. 

VAW < c2ivi«iuHiA/ i) iiL- 

< L72^|K;|| L2 (l + | J |r||A/ 1 )|| J 



\L°° 



< C2 j \\v\\t2 \\e w 



L 2 U° W |lflS?» 

< CWAjuW^WSj-iVOWloo 

< C||A^|| i2 (l + |i|r 2 m ||A m ^ 1 )|| io 

m<j— 2 



< C2^ ||v|Uo > , ^ ., '„ (l + lmDlA^IUco 

m<j—2 v ' |ty 1 ' 

< C^H^ ^ (l + |m|r||A m 0«|| Lo 

m<j-2 
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WMv < C2 j (l + l^irilA^IUHIA^WH^ 

k>j-l 

^,00 oo,l 

To estimate the second term in (15.3p . we write 

A,(u (2) ■ V0) = K 1 + K 2 + K 3 + K i + K 5 , (5.5) 

where 



K 1 = 


[bjiSk-w®- V]A k 9, 




\j-k\<2 


K 2 = 






U-fc|<2 


K 3 = 


SjijP^ ■ VAj6, 


K 4 = 


£ A^AfcU^ • VS fc _i0), 




U-fc|<2 


K 5 = 


£ Aj(A k u^ ■ X7A k 8). 



k>j-l 



Correspondingly the second term in (15.31) can be decomposed into five integrals. Since 
V • = 0, 



J Aj6K 3 dx = 

Therefore, by Holder's inequality, 
AjOAjiuW -V9) dx 



< \\Aj9Wv + \\K 2 \\ L i + ||Ji 4 || L2 + ||AT 5 || L2 ) . 

By a standard commutator estimate, 

\\K\Wl2 < C||^(x)|Ui||VViw (2) IU-l|VA^|| i2 

00 , 1 

For j > jo with j = 2, we apply Berstein's inequality to obtain 

\\K 2 \\ L i < CHA^IU-HVA^IUs 

< CIIA^V^IUoo ||A^|U 2 

< c \\ojW\\ b o„ 11 a^. 

00,1 

Again, for j > j with j = 2, we have 



II^IU* < cwa^Wl-Ws^vo 



L' 2 



< C2 j \\A j Vu^\\ L o £ 2 2 ( m -^2- m ||A m ^|| L2 

m<j—2 



< C2»V a >||^,||0|| l 

oo.l 2,00 
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\\K 5 \\ L 2 < CV \\&kU (2) \\L-\\A k 0\\v 

k>j-l 

< C2? 2- fc ||A fc V«( 2 >|U=c||A fc 0|| La 

k>j-\ 

< Cy\\uj^\\ BQ \\6\\ 
Inserting the estimates in (I5.3p . we find 

U^Mv < CV \\v\\ L . ||0«|| s o„ +C2^||o;( 2 )|| b o, 7 ||0|| fl ! . 

(It »>! oo. 1 2 .°° 

Integrating in time leads to 

2-iA^(t)lb < 2^||A^(0)|| L2 + C t \\v(s)\\ L2 116^(3)11^ ds 

Jo 

+ c f \\^ 2 \s)\\ B ^ \\e{s)\\ B i ds. 

Jo 2 '°° 

Taking the supremum with respect to j yields (15.21) . □ 
Lemma 5.3. Assume that v satisfies 

2 

d t v + u {2) -Vv + u- Vv (1) + Y { u f ) ^ v i + u j^ v< j 1] ) + Av = + 9e 2, (5-6) 
Then 



Ht)\\ B o >ao < 1^(0)11^ + 11^)11^ 

+ C f\\v{a)\\» (\\^ l \s)\\ B ^ + ||u/ 2 )( S )|| fl o,,) eZs. 



Proof. Let /c > —1. After applying A& to (15.61) . taking the inner product with A k v and 
integrating by parts, we find 

lj t \\&kv\\l* + 2 fe ||A^||i 2 = L 1 + L 2 + L 3 + L A + L B , (5.7) 

where 

L x = - J A k v ■ A k (u^ .Vv), L 2 = - J A k v ■ A k (u ■ W 1} ), 
L 3 = -J2 J A * v ■ ^kiufVvj), L 4 = - J A * v ■ A fc( M i V 



i=i " i=i 
A fc w 2 • A fc 6». 

To estimate L\, we decompose A fc («( 2 ) • Vv) as in (15. 5p and bound the components 
in a similar fashion as in the proof of Lemma 15. 2[ We obtain after applying Holder's 
inequality 

|£i| <C\\A k v\\ L 2 \\v\\ L 2\\J 2) \\ B o,, 
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To handle L 2 , we decompose A k (u • Vt^ 1 ^) as in (15.41) and obtain 



\L 2 \ <C\\A k v\\ L 2 \\v\\ L 2 \\u 



Ml 



o.-, 



oo , 1 

For L3, we integrate by parts and use the divergence-free condition to obtain 

2 

,(2h 



i=i ^ 



Decomposing A k (vjVUj ) as in (15.41) and estimate the resulting components as in the 
proof of Lemma 15.21 we obtain 

\L 3 \<C\\A k v\\ L 2\\v\\ L 2\\J^ - 



00 , 1 



Clearly L4 admits the same bound as L 2 . £5 can be bounded by applying Holder's 
inequality 

|L 5 | < \\A k v\\ L 2 \\A k 6\\ L 2 < 2 fc ||A^|| i2 \\B\\ B -1 . 

2, 00 

Inserting the estimates above in (15. 7p . we find 

hA k v\\ L i + 2 k \\A k v\\ L 2 < C \\v\\ L 2 (\\ujV\\ b o„ + \\J 2) \\^ ) + 2 fc ||fl|| B - 1 . 

at \ °o,i/ 2 >°° 

Integrating in time yields 

||A^(t)|| L2 < e" 2fct ||A fc i;(0)|| L2 + f e~ 2k ^ s h k \\d{s)\\ B -, ds 



+ C / e- 2fe ^)|K S )|| L2 (\\^(s)\\ b0 ,, +\\J 2 \s)\\ b0 ,A ds. 

Jq V 00.1 °o,i/ 

Therefore, 



Ht)\\B iao < \H0)\\ Bioo + \\e(s) || S2 ^ 



+ C fwvtfWv (||a;W( S )|| s o, Ti + ||a;( 2 )( S )|| s o, Ti ) ds. 

J 

This completes the proof of Lemma 15.31 □ 



Appendix A. Besov spaces and Osgood inequality 

This appendix provides the definitions of some of the function spaces and related facts 
used in the previous sections. In addition, the Osgood inequality used in Sectioon [5] is 
also provided here for the convenience of readers. Materials presented in this appendix 
can be found in several books and many papers (see, e.g., [U [311 [32]). 

We start with several notation. S denotes the usual Schwarz class and S' its dual, 
the space of tempered distributions. S denotes a subspace of S defined by 

S =^eS: j <f)(x) x 1 dx = 0, |7| =0,1,2,.-- J 

and Sq denotes its dual. S' can be identified as 

S' = S'/S^ = S'/V 



SUPERCRITICAL 2D BOUSSINESQ EQUATIONS 23 

where V denotes the space of multinomials. 

To introduce the Littlewood-Paley decomposition, we write for each j £ Z 

Aj = e R d : 2 j ~ x < |f | < 2 3+1 ) . (A.l) 

The Littlewood-Paley decomposition asserts the existence of a sequence of functions 
{$j} Jg z £ S such that 

supp^C Aj, $,(0 = $o(2- J '0 or <I> ,•(.,•) 2^$ (2 J V), 

and 

j o , if e = o. 

j=-oo 

Therefore, for a general function ip £ 5, we have 

oo 

]T = fore£ffi d \{0}. 

j=-oo 

In addition, if ip £ Sq, then 

oo 

^ 8,(0^(0 = ?(0 for any £ £ R d . 

j=-oo 

That is, for -0 £ <S , 

oo 

$j * ^ = -0 



j=-oo 

and hence 



j=-oo 

in the sense of weak-* topology of S' . For notational convenience, we define 

A,f = * /, j £ Z. (A.2) 

Definition A.l. For s £ 1R and 1 < p,q < oo, the homogeneous Besov space B^ q 
consists of f £ S' satisfying 

||/|| % ^||2^||A j /|U,|| Zs <oo. 
We now choose \1/ £ S such that 

oo 
3=0 

Then, for any ip £ S, 

oo 

^ *4> + ^ $j * -0 = "0 



j=0 

and hence 



vl/ * / • ]T <I> ; * ./• / (A.3) 



j=0 
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in S' for any / £ S'. To define the inhomogeneous Besov space, we set 

f 0, ifj<-2, 
A' j f= { */, if J = -1, (A.4) 
[ if j = 0,1,2,--- . 

Definition A. 2. The inhomogeneous Besov space B^ q with 1 < p, q < oo and s £ IR 

consists of functions f £ <S' satisfying 



B s q = ||2^||A'./|| LP |b 9 < oo. 



The Besov spaces g and 5^ with s £ (0, 1) and 1 < p, g < oo can be equivalently 
defined by the norms 



{\\f(x + t)-f(x)\\ LP y dt 



B ™ \ La Itl^ 1 



1/9 



B^ q - \\J || LP 



(Wfix+^-fww^y 11 



When q = oo, the expressions are interpreted in the normal way. Sometimes it is also 
necessary to generalize the Besov spaces to include an algebraic part of the modes. 

Definition A. 3. For s, 7 £ M. and 1 < p, q < oo, the generalized Besov spaces B^ and 
Bp'^ are defined by 

|^ = ||2^(l + |j|)lA,./|U P || J? <oo, 



la-jj = ii2»-(i+ ijiniAj/iii,ii, ff < 00. 

We have also used the space-time spaces defined below. 

Definition A.4. For t > 0, s, 7 £ 1R and 1 < p,q,r < 00, the space-time spaces L r t B^ 
and L r t B^ are defined though the norms 

ii/ii z ,^ = ii2^(i + ijiriiA,/iu, LP |i^ 

ll/llzj^s ll^i + ii|)iA;/|^LP|| I ,. 

These spaces are related to the classical space-time spaces U t B s ^ and L r t B^ via the 
Minkowski inequality. 

Many frequently used function spaces are special cases of Besov spaces. The following 
proposition lists some useful equivalence and embedding relations. 

Proposition A. 5. For any s £ R, 

H s ~ -83 2, H s ~ B s 22 . 

For any s £ R and 1 < q < oo, 

-^q,min{q,2} ^ ^q,max{q,2}- 

/n particular, B° q mHq 2} ^ L* 5° max{? 2} . 
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For notational convenience, we write Aj for A^-. There will be no confusion if we keep 
in mind that Aj's associated the homogeneous Besov spaces is defined in (|A.2[) while 
those associated with the inhomogeneous Besov spaces are defined in (IA.4I) . Besides the 
Fourier localization operators Aj, the partial sum Sj is also a useful notation. For an 
integer j, 

j'-i 

k=-l 

where A^ is given by ()A.4j) . For any / G S' , the Fourier transform of Sjf is supported 
on the ball of radius 2 J . 

Bernstein's inequalities is a useful tool on Fourier localized functions and these in- 
equalities trade integrability for derivatives. The following proposition provides Bern- 
stein type inequalities for fractional derivatives. 

Proposition A. 6. Let a > 0. Let 1 < p < q < oo. 

1) If f satisfies 

suppfc {£ e R d : |f | < K2 ] }, 
for some integer j and a constant K > , then 



-^) a f\\Li(R d ) < Cl 2 



2aj+jd(i--i-) 



LP 



2) If f satisfies 

suppfd {£ G M. d : < |f | < K 2 2 j } 

for some integer j and constants < K\ < K 2 , then 

C^WfWvw < \\(-Arf\\ Lq{Rd) < C 2 2 2aj+jd ^\\f\\ LP{wd) , 
where C\ and C 2 are constants depending on a,p and q only. 

Finally we recall the Osgood inequality. 

Proposition A. 7. Let a(t) > be a locally integrable function. Assume u(t) > 
satisfies 

"OO 1 

dr = oo. 



o w(r) 
Suppose that p(t) > satisfies 

p(t)<a+ / a(s)ui(p(s))ds 

Jt 

for some constant a > 0. Then if a = 0, then p = 0; if a > 0, then 

-Q(p{t)) + Q{a) < [ a{r)dr, 

where 

n(x) 



to 



1 dr 
oj(r) 



2(i 
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